Smooth Solutions and Discrete Imaginary Mass 
of the Klein-Gordon Equation in the de Sitter Background 

Bin Zhou*and Zhen-Hua Zhou^ 
Department of Physics, Beijing Normal University, Beijing 100875, P. R. China 

December 26, 2011 

Abstract 

Using methods in the theory of semisimple Lie algebras, we can obtain all smooth solutions of the Klein-Gordon 
equation on the 4-dimensional de Sitter spacetime (dS"*). The mass of a Klein-Gordon scalar on dS"^ is related to 
an eigenvalue of the Casimir operator of so(l,4). Thus it is discrete, or quantized. Furthermore, the mass m of a 
Klein-Gordon scalar on dS'^ is imaginary: oc —N{N + 3), with A*' ^ an integer. 

1 Introduction 

Ever since 1900, quantum theories (quantum mechanics and quantum field theory) and the theories of relativity 
(special and general relativity) are the most significant achievements in physics. However, for more than 100 years, 
the compatiblity of these two categories of theories is still a problem. Needless to say the conflict in spirit, only the 
obstacle in technique passing from general relativity to quantum theory has been enough problematic. 

In the process of seeking for a theory of quantum gravity, there is the effort to establish QFT in curved spacetime [TJ 
m [31 in [SJ |5] , assuming that the gravitational fields arc dominated by a classical theory (typically by general relativity) . 
The classical background may or may not be affected by the quantum fields. Currently the QFT in curved spacetime 
is mainly a framework generalized from the QFT in the Minkowski spacetime. Difference between a generic curved 
spacetime and the Minkowski spacetime has been considered, but, without much detailed knowledge of classical 
solutions of field theories in curved spacetime, some key points in QFT in curved spacetimes arc inevitable questionable. 

For a similar example, let us examine what happens when we consider scalar fields in (1 + l)-dimensional toy 
spacetimes. If the spacetime is a Minkowski spacetime, scalar fields on it can be analyzed using the Fourier transform 
with respect to the spatial direction. If the space is closed as the circle S^, however, scalar fields turn out to be Fourier 
series with respect to the spatial direction. In such an example, we can see how the difference of topologies could make 
, great influence on the analysis tools. 

Given a curved spacetime, its topological structure and geometric structure may affect many aspects of the fields. 
, For a linear field equation, for instance, whether its solution space is infinite dimensional, whether some parameters 
' (such as the mass) of the field equations are restricted to take only some special values, and so on, all depend on these 
, structures. The QFT in curved spacetime must take these aspects into account. 

In this paper, wc take the Klein-Gordon equation on the 4-dimensional de Sitter spacetime (denoted by dS'^ in 
, this paper) as an example. Applying the representation theory of semisimple Lie algebras, we can obtain all smooth 
' classical solutions of the Klein-Gordon equation on dS"*. It is clear that, unlike the case of the Minkowski spacetime, 
the solution space of the K-G equation on dS'^ is finite dimensional. What's more important is that the mass of a 
Klein-Gordon equation on dS"* cannot be continuously real-valued. In fact, there exists nonzero solutions when and 
only when the mass m satisfies 

= -iV(iV + 3) ^ (1) 

for certain a nonnegative integer TV, with / the "radius" of dS'^. In the quantization process, the negative sign in 
should be a great obstacle to interpret m to be the mass of particles excited by quantum scalar fields. 

This paper is organized as follows. In Section [5| we outline our idea of how to obtain all smooth solutions of the 
Klein-Gordon equation on dS'^. Wc start the outline from the well know theory of angular momentum in quantum 
mechanics. In Section[31we describe the whole principle and program of our method. In Section|3]we apply the theory 
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of scmisimplc Lie algebras to so(l, 4) (gjn C, the complexification of so(l, 4), and describe its algebraic structures which 
have nothing to do with its representations. For convenience so(l,4) ®rC is denoted by £. In Section[5]we apply the 
representation theory of semisimple Lie algebras to the £- module C°°{dS'^), analogous to the coordinate representation 
of angular momentum operators in quantum mechanics. In this section we give some coordinate systems adapted to 
the Cartan subalgebras of £, and construct irreducible H-submodules of C°°{dS'^). In Section [S] we give the mass of 
the Klein-Gordon equation and its smooth solutions. Then, finally, in Section [71 we give the summary and discuss 
some related problems. Detailed investigation and proofs are left in the appendices. 



2 Outline of the Ideas 

In general relativity, the Klein-Gordon equation reads 

g"''VaVb^-l-^0 = O, (2) 

where Vq is the Levi-Civita connection. (Indices like a and b are abstract indices [7]-) In this paper the signature of 
the metric tensor field gab is like that of 

(?7p.)4x4 =diag(l, -1,-1,-1). (3) 

The Klein-Gordon equation is a linear PDE. To solve a PDE, one often applies the method of separation of 
variables. However, whether this method works depends heavily on the choice of the coordinates x^. If one is not so 
lucky to choose the right coordinates, this method would fail even if the PDE can be easily solved in certain a right 
coordinate system. 

In order to solve a linear PDE using the method of separation of variables, we must choose a coordinate system 
that is closely related to the symmetry of the PDE. When the symmetry group is a Lie group with a sufficient large 
rank (the dimension of its Cartan subgroup), it is even possible to solve the PDE by virtue of the theory of Lie groups 
and Lie algebras. In this case the method of separation of variables is only needed to find out a maximal vector[S] 
corresponding to the highest weight. After the maximal vectors have been found out, the solution space of the PDE 
can be easily, but often tediously, constructed. 

To show this, we take the equation 

h'^^DaDpY = -Ay (4) 

on S'^ (the unit 2-sphere) as an example, where is the Levi-Civita connection compatible with the standard metric 
tensor field h^fj on S*^. This is the eigenvalue equation of the Laplacian operator for 0- forms on . Since the symmetry 
group of S"^ is 0(3,M), and since eq. (g]) is determined by the metric tensor field hap^ the symmetry group of eq. dH) 
contains 0(3,R) as a Lie subgroup. In the spherical coordinate system {6,(p), eq. (|4]) takes the well known form 

1 d / . ^dY\ 1 d^Y 
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On the one hand, this PDE arises from the Helmholtz equation by separation of variable, and a further separation 
of variable leads to the general Legendre equation, together with the equation of a simple harmonic oscillator with 
respect to the variable Lp. As a result, the solution of eq. ([5]), namely, eq. (|4|), is a linear combination 

; 

y=Y. CmYim(6,p) (6) 
ra— — l 

of spherical harmonics Yim{0, ip) with a fixed nonnegative integer I, where Cm are arbitrary constants, and A = 1(1 + 1). 

On the other hand, in quantum mechanics, there is a more elegant method using the theory of angular momentum 
operators to solve eq. ([5]). In geometry, the angular momentum operators L = r x p = —iHr x V are proportional to 
three Killing vector fields 
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respectively. To apply the theory of angular momentum operators to the coordinate representation is, in fact, equivalent 
to apply the representation theory of so(3,M) to C°°{S'^), the so(3, M)-modulc of all smooth functions on S^. In this 
manner Yii{9^ ip), which acts as the maximal vector in the representation theory, can be obtained by solving two PDEs 
of order one: 

L,Ya = lhYa, L+Ya = . 
Then all other Yim{d, ^p) can be obtained from 

L^Yhn = h^{l + m){l -m+l)Yi^,n^i 
for m = Z, Z — 1, . . . , — Z recursively. It is well known that eq. (O, namely, eq. Q, is equivalent to 

tV = \h^Y , 

^ 2 

and L is a Casimir operator of so(3, R). Because all Yim with m = I, l — l, . . . , —I span an irreducible so(3, M)-module, 
the linear combination ^ is automatically a solution of the above equation, according to Schur's lemma 0. In order 
to determine the value of A, we need simply substitute Y ~ Yu into the above equation, obtaining X = l{l + 1). 

The reason that separation of variables works is deeply related to the fact that the iy9-coordinate curves are integral 
curves of iz, which can be easily seen from eq. ([9]). Note that Lz spans a Cartan subalgebra of so(3,R), and that each 
Yim spans a weight space with respect to this Cartan subalgebra. 

The above approach is very instructive. Since the de Sitter spacetime and anti-de Sitter spacetime are maximally 
symmetric, such an approach can be easily applied to field equations in de Sitter or anti-de Sitter backgrounds. 

In this paper we only take the Klein-Gordon equation on dS'^, the 4-dimensional de Sitter spacetime (as a back- 
ground), as an example. The main idea can be illustrated as follows. 

The symmetry group of dS'^ is 0(1,4), whose Lie algebra so (1,4) induces a Lie algebra of Killing vector fields 
on dS"^. Via these Killing vector fields, so (1,4) acts on smooth functions on dS"^. Thus C°°{dS'^), the space of all 
smooth functions on dS'^, is an so(l, 4)-modulc. (Equivalently speaking, C°°{dS^) is a representation space of so(l, 4).) 
Since the Klein-Gordon equation on cZS"* is 0(1, 4)-invariant, its solution space S^KcidS"^) is 0(1, 4)-invariant. Hence 
J^KGidS"^) is an so(l, 4)-submodule of C°°{dS'^). It must be the direct sum of some irreducible so(l, 4)-submodules. 
Therefore, to obtain the solution space of the Klein-Gordon equation on dS'^, we must construct these irreducible 
so(l,4)-submodules of 0°°(dS"'). 

There is an important fact: the Klein-Gordon equation on dS'^ is, in fact, an eigenvalue equation of the Casimir 
element of so(l,4). See, eq. ([T^ in this paper. By aid of this fact, it is very easy to obtain all smooth solutions of 
the Klein-Gordon equation in the de Sitter background. An interesting and important consequence is that the mass 
in the Klein-Gordon equation is discrete and imaginary, as shown in eq. (fT|). 



3 Symmetry Group and Solution Space of the Klein-Gordon Equation 
on the de Sitter Spacetime 

3.1 Symmetry Group of the de Sitter Spacetime 

Now we consider the 5-dimensional Minkowski space M^'^, with {A — 0, 1, . . . , 4) the Minkowski coordinates on 
it. The de Sitter spacetime of radius / > can be treated as the hypersurface 

VAB^^^'' = -l' (10) 

of M^'^, where (f?A_B)5x5 = diag(l, — 1, . . . , — 1). The linear group 0(1, 4) is the symmetry group of K^'^, leaving both 
the line element ds^ = r^^s d^"^ d^^ of M^''* and the hypersurface ((TU)) invariant. Consequently, 0(1,4) is also the 
symmetry group of dS"^. 

For later usage, we describe the symmetries of dS'^ in some details. The metric tensor field rj := t]ab dC'^ ® d^-^ on 
M^'^ induces a metric tensor field g on dS*^. In fact, let i: dS'^ ^ R^'"* be the inclusion, then g = 1*77 is the puUback 
of fj. A linear transformation D G 0(1,4) on R^'* leaves dS^, the hypersurface (jlO|) . invariant. Thus we may set the 
restriction of D to dS^, ipo = dS'^ — >■ dS^, to be a transformation on dS^. It follows that tpu is a symmetry 

of (c?S'^,g). That is, V'd is a diffeomorphism, satisfying 

V'l5g = g. (11) 

Obviously, all ij^D with D e 0(1,4) form a group, which is isomorphic to 0(1,4). 
In the following we describe the Lie algebras of the symmetry group. 
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First, there are the 5x5 matrices Xab S so{1,A) with A, B ~ 0, 1, . . . , A, whose (C, D)"^ entry reads 

iXAB)% = <5S VBD - <5g T^AD ■ (12) 

They satisfy Xab = —Xba and 

[Xab, Xcd] = Vbc Xad + '7^1-0 Xbc — Vac Xbd — Vbd Xac ■ (13) 

Furthermore, all Xab with A < B form a basis of 5o(l, 4). 

According to the theory of Lie groups, through the action of 0(1,4) on R^''*, each matrix X = {X^) e so (1,4) 
generates a vector field 

on Ri-^. Let X(M^-^) be the Lie algebra of smooth vector fields on R^'^. Then the map so(l,4) X(Ri''*), X ^ X 
is a liomomorphism of Lie algebras. Roughly speaking, the above X is generated by the infinitesimal transformation 
corresponding to the matrix —X. In other words, the 1-parameter group of X equals to exp{—tX) S 0(1, 4). So X is 
a Killing vector field on R^'''^, and vice versa, a Killing vector field on R^'"' corresponds to a matrix X G so(l,4) via 
eq. ([T4|. For convenience, the Lie algebra consisting of all Killing vector fields on R^'^ will be denoted by .ft(R^'^). 
Then the map described in the above results in an isomorphism of Lie algebras from so (1,4) to .ft(R^'^), mapping 
[X, Y] for each pair oi X, Y £ so(l, 4) to the commutator [X, Y] of the corresponding Killing vector fields X and Y. 
Especially, the matrix Xab G so (1,4), as defined in eq. (fT^ . corresponds to the Killing vector field 



d d 

y-AB =U-g^-^B-g^, (15) 



where S^a '■— Vab ■ Thus there are the commutators 

[Xab, Xcd] = jysc X^d + fjAD ^bc — Vac Xbd — Vbd X^c • (16) 

In fact, the above equations can be directly verified by virtue of eq. ([TS|) . 

For an X e so(l,4), the corresponding Killing vector field X S K(R}''^) is tangent to dS^ at any point ^ £ dS^. 
Therefore such a vector field induces a vector field on dS*^, denoted by X. Roughly speaking, X is the restriction of 
X (as a section of the tangent bundle of R^'^) to dS'^; strictly speaking, X is i-related[5] to X, with i: dS^ ^ R^'^ 
being the inclusion. In fact, if X S so(l,4) corresponds to X, the 1-parameter group V'cxp(-tx) is just generated by 
the vector field X. Hence, obviously, X is a Killing vector field on dS"^. It can be verified that a Killing vector field 
on dS'* corresponds to a matrix in so(l,4). In this way, there exists the isomorphism of Lie algebras from so(l,4) 
to ^{dS^), where ^{dS^) consists of all Killing vector fields on dS'^. Especially, Xab, hence X^s, corresponds to a 
Killing vector field X^b on dS'^, satisfying 

[Xab, Xcd] = Vbc ^ad + Vad Xbc - Vac ^bd - Vbd X^c ■ (17) 
3.2 Symmetries of the Klein-Gordon Equation on dS^ 

The Klein-Gordon equation on dS*"* is as shown in eq. ([2|). Given a local coordinate system (x^) in dS^, the expression 
of Xab might be quite complicated. Interestingly however, it can be proved that, for an arbitrary smooth function cj) 
on dS^, 

1 

where Lx is the Lie derivative with respect to a vector field X. Therefore, the Klein-Gordon equation ^ is, indeed, 
an eigenvalue equation 

^^^mW^ (19) 

for the Casimir operator 



g^' Wa^b<l> = -TH^V^^V^"" L^.sL^cu^, (18) 



C:=^77^V^Lx..ixo. (20) 



of the second order 



^ A similar case on AdS"^^ can be found in 1101 . 
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As mentioned in H'S.ll an orthogonal transformation D on R-'^'^ induces the automorphism ipo oi ((iS'^,g), whose 
pullback further induces a transformation ip}^: C°°{dS'^) — > C°^{dS^), mapping an arbitrary smooth function 4> on 
dS'^ to another smooth function ip' = ip}j(j> (j) o That is, at arbitrary point ^ € dS"^, 

<P'{0 = <l^{^D{£.))^<P{Di). (21) 

The group homomorphism mapping D S 0(1,4) to V'lj-i £ GL(C°°((i5"')) is a representation of 0(1,4) on the vector 
space C^{dS^). In other words, we have an action of 0(1, 4) on C°°{dS^) on the left as follows: 0(1, 4) x C°°{dS^) 

c^ids^), {D,^)^rD-i4'- 

Since the Klein-Gordon equation (0) is determined by the metric tensor field g, while V'B leaves g invariant (see, 
eq. (HH)), it follows that, if is a smooth solution of eq. ([2]), so is Let ^KcidS^) be the solution space of eq. (fTO)) . 

namey, the set consisting of all smooth solutions of eq. ©. Then S^KcidS'^) is a vector space over R (for real- valued 
functions) or C (for complex-valued functions), being invariant under 'tp'^ for arbitrary D € 0(1,4). In other words, 
the action of 0(1,4) on C°°{dS'^) can be restricted to be 0(1,4) x ^KG(rfS"*) ^ ^KcidS'^), {D,(p) ^ 

3.3 Smooth Solutions of the Klein-Gordon Equation on dS^ 

For any smooth function (j) on dS"^ and any X G so(l, 4), the Lie derivative £x0 of with respect to X can be defined 
point-wisely j9] by the derivative of '4'exp{-\x)'f' "^ith respect to the parameter A, where the relation of X and X is as 
described in tj3.1l For any X S so(l, 4) and any (p G C°°{dS'^), the action of X upon (p results in X.(p, defined by 

X.(p-~ Ly^(P^X(P. (22) 

Obviously, X.cp is still a smooth function on dS'^. Hence C°°{dS'^) becomes an so(l, 4)-module. 

Especially, if </> is a smooth solution of the Klein-Gordon equation so is X.cp for any X £ so(l,4). Thus 
^KcidS'^) is an so(l, 4)-submodule of C'°°(d5'*). 

In ^4.11 we shall show that so(l,4) is semisimple. According to the representation theory of Lie algebras [5], the 
solution space SKcidS"^) can be decomposed into the direct sum of irreducible so(l, 4)-submodules. Hence every 
solution (p of eq. ^ can be decomposed into the sum of finite many functions (pi, . . . , (pk-, with (pi [i — 1, . . . , k) 
belonging to certain an irreducible so(l, 4)-submodule. 

Since eq. (fT9)) is equivalent to eq. ([2]) and 

[C, Lx]=0, VX e .^{dS^) , (23) 

it follows Schur's lemma [5] that the solution space S^KGidS"^) is the direct sum of irreducible so(l, 4)-submodules 
belonging to the same eigenvalue of C In other words, any function (p belonging to an irreducible so(l, 4)-submodule 
of C°°{dS'^) is a smooth solution of the Klein-Gordon equation (fT^ with certain a mass. 

Therefore, in order to find smooth solutions of the Klein-Gordon equation on dS"^, it is necessary to find the 
irreducible so(l, 4)-submodule of C°°{dS^). 

A consequence of the above conclusion is that the mass of the Klein-Gordon equation cannot be arbitrary. The 
mass must be related to an eigenvalue of C, which in turn is determined by the highest weights of irreducible so(l, 4)- 
submodules contained in S^KoidS'^). In SjSlwe can calculate the mass, as shown in eq. ((T)), where the nonnegative 
integer N specifies the highest weight of an irreducible so(l, 4)-submodule. Furthermore, in [JHlwe shall prove that 
different highest weight (or equivalently, N) corresponds to different mass. It follows that the solution space ^KcidS^) 
is nothing but an irreducible so(l, 4)-submodule of C°°{dS'^). 

4 Structure of the Lie Algebra 5o(l,4) 

There are papers discussing irreducible representations of so (1, 4), such as [11] and [12]. In [11], unitary representations 
of so(l,4) were constructed out of irreducible representations of so(4,M), similar to the method by Wigner[T5]. The 
resulted irreducible unitary representations are infinite dimensional|12j . Since we are seeking the solution space 
of the Klein-Gordon equation, in this paper we are not interested in the representation of so (1,4), but rather its 
representation spaces, irreducible so(l, 4)-submodules in C°°{dS'^). For this purpose, the framework in [TT] is so 
complicated in practice. 

In this paper we construct irreducible so(l, 4)-submodules of C°°{dS^) using the standard methods in the theory 
of Lie groups [5] and Lie algebras [S]. 

In this section we briefly describe the abstract structure of so(l, 4) and/or its complexification, £ = so(l, 4) C. 
In the next section we apply the representation theory to the so(l, 4)-module C°°{dS'^). 
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4.1 The KilUng Form of so(l, 4) 

In this paper, the Kilhng form of so(l,4) is denoted by k. It is easy to verify thalU 

kIXab^Xcd) = GivADilBC -tiacVbd)- (25) 

This tells us that (1) for Xab with A < B, they are mutually orthogonal (with respect to the Killing form), and that 
(2) the Killing form of Xab with itself is =f6. A corollary is that the Killing form is nondegenerate. Hence so(l, 4) is 
a semisimple Lie algebra. 

4.2 The Abstract Root System of £ = so(l, 4) ®ir C 

According to the theory of Lie algebras, if a semisimple Lie algebra £ is over an algebraically closed field of characteristic 
0, such as C; the abstract root system <!> of £ is determined by £ itself. See, for example, §16 in [8]. However, since 
the Lie algebra so(l, 4) is over M, which is not an algebraically closed field, the theory of root systems for semisimple 
Lie algebras cannot be applied to it. Therefore we use its complexification £ := so(l,4) (8)r C instead. 

All the following results can be obtained using the standard approach in the theory of Lie algebra|S]. We neglect 
all these processes, listing the results only. 

The Dynkin diagram of £ is as shown in Figure [TJ Therefore, £ is a semisimple Lie algebra of type B2 . Let 

«! 02 
O > O 

Figure 1: The Dynkin diagram of £ = so(l, 4) ®r C. 

A = {ai, be the base of the root system <!> of £. Then its Cartan matrix reads 

(K«.))2x2=( _i i)- (26) 
Here the Cartan integer related to two roots a and /3 is 

where (•, •) is the inner product on the Euclidean space spanned by all the roots of £. 

The root system $ of £ consists of the following roots: ±ai, ±Q!2, ±(ai+a2) and ±(ai + 2 02). For later reference 
the set of positive roots is denoted by $+, reading 

= {ai, a2,ai+a2, ai+2a2}. (28) 

Then $ = U <I>~, where $~ = — is the set of negative roots. 

Let be the 2-dimensional Euclidean space spanned by the root system $. Obviously, ai and a2 form a basis 
of £'$. In this paper, the inner product on E'^ is resulted in from the Killing form k, as follows: We first choose a 
Cartan subalgcbra t) of £. Then the restriction of k to f) is nondegenerate [5], inducing a nondegenerate bilinear form 
(•, •) on i?f|. , satisfying 

(ai,ai) = i, (ai,a2) = -i, (a2,a2)==^- (29) 

Then such a bilinear form is turned to be the inner product on With the aid of the data in eqs. (P^)) . the roots 
can be drawn as in Figure [5] 

The Cartan subalgebra (also a maximal toral subalgebra) of a semisimple Lie algebra is not unique. Being conjugate 
to each other [5], none of these Cartan subalgebras is more significant than others. However, when the action of the 
Lie algebra on a differential manifold is considered, this is no longer the same situation. So, for £ = so(l, 4) (g)R C, we 
shall take two typical Cartan subalgebras into account. 



^ For so{p, q) with integers p ^ and (? > 0, the Lie brackets also satisfy eq. II13II . By virtue of eq. II13II and the definition of the Killing 
form, one can obtain the formula 

k{Xab,Xcd) = 2(n - 2) {riAD VBC - VAC Vbd) (24) 

for so{p, q), where n = p + g ^ 2. 
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Figure 2: The root system of £ = so(l, 4) (K)r C. 
4.3 The Cartan Subalgebra and Root Spaces (I) 

The first Cartan subalgebra is spanned by X12 and X04, and denoted by f) in this paper. With respect to fi, the roots 
ai and a2 € I)* satisfy 



ai{Xi2) = i, ai(Xo4) = -1, 
a2{Xi2) = 0, a2{Xo4) = 1. 



(30) 
(31) 



For each positive root /3 € the root spaces of /3 and — /? are denoted by £±^, respectively. The bases of £±^ 
are denoted by e/j and respectively. They are chosen as follows: 



i Xm — X 



14 



i X2a) 



fai - 2 ("'^01 



i X02 + X 



6012 — -''^os + , 

60:1+02 = —-''^13 + * -^^23 , 
1 



/qi+Q2 -'^13 + iX23 ■ 



2 (-^01 ~ "i X02 + Xi4 — i X24) , fai+2a2 



2 (^01 + i X02 



14 



X, 



i X24) 



1X24). 



(32) 

(33) 
(34) 

(35) 
(36) 



It can be verified that these generators, together with 

= —Xo4 — i X12 , /Iq2 = 2 Xq4 

form a Chevalley basis of £. For the commutators between them, see Appendix El 
4.4 The Cartan Subalgebra and Root Spaces (II) 

The second typical Cartan subalgebra of £ is spanned by X12 and X34, and denoted by f)' in this paper. The roots 
ai and a2 G f)'* satisfy 



Q:i(-'^12) = i , 
02(^12) = 0, 

A Chevalley basis of £ can be chosen as follows: 



ai(-'^34) = , 
a2(-'^34) = i ■ 



~iX, 



iX: 



34 



1 



{Xi3 + i Xi4 - i X23 + X24) , 



-2iX: 
1 



34 : 



602 — -^^03 ^ * Aro4 , 
601+02 — ^-'^01 + i X02 , 

601+202 ~ ^2 ("^^13 ^ * Ari4 — i X23 — X24) 

Their commutators are shown as in Appendix 1X1 



/oi = - 2 (-^^13 - « -'^14 + i X23 + X24) 
/02 ~ + i Xo4 , 

/01+02 ~ ^A'oi — i X02 , 

/qi+2o2 = 2 ("'^13 + * Xi4 + i X23 — X24) ■ 



(37) 
(38) 

(39) 
(40) 

(41) 
(42) 

(43) 
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5 Irreducible £-Modules of Smooth Functions 



5.1 Local Coordinates Adapted to f) or f)' 



For a given PDE, it is not that every coordinate system is suitable for separation of variables. A suitable coordinate 
system must be adapted to the symmetry group of the PDE. 

In this subsection we try to find suitable coordinate systems on dS'^ that is adapted to the symmetry group 0(1, 4). 
Such a coordinate system is based on the congruence of integral submanifolds of a Cartan subalgebra. Since two typical 
Cartan subalgebras are presented in this paper, there are different coordinate systems corresponding to these Cartan 
subalgebras, respectively. 

The first type of coordinates are lated to the Cartan subalgebra f) in H4.'3\ For both vector fields X04 and X12, 
their integral curves in M.^-'^ can be described by 



f = Tcoshx + Xsinhx, 
^* = Tsinhx + ^coshx, 
= y cos (f + Z sin ip , 
— —Ysiuip + Z cos ip , 



(44) 
(45) 
(46) 
(47) 
(48) 



For a set of fixed T, X , Y , Z, S and G R, the above equations are parameter equations of an integral curve of X04, 
with X the curve parameter; for a set of fixed T, X, Y , Z , S and x G IK., they are the parameter equations of an 
integral curve of X12, with ip the curve parameter. 

For fixed T, X, Y, Z and S e M. when both x p are viewed as parameters, the above equations describe a 
2-surface in M}''^. Note that, when T = X = OotY^Z = 0, such a 2-surface may be degenerate into a curve or even 
a point. All these surfaces, no matter nondegenerate or not, can be viewed as integral submanifolds of the Cartan 
subalgebra f). Obviously, such an integral submanifold is contained in dS'^ if and only if 



-X' 



Y' 



Z'-E' 



-I' 



(49) 



For a region of dS'^ where both X04 and X12 are nonzero everywhere, the parameter x and p of the integral submanifolds 
can be developed into a local coor dinate system (x, C, 0, p) of dS^ by setting T = T(C, 6*), X = X{Q, 9), and so on, m 
eq. Since T, X, Y and Z are redundant, some of them can be set to be zero directly. For example, in the region 

|^°| > 1^*1 of dS"*, it follows that (^i)^ + (C^)^ + {^^f > P. We may choose certain fimctions r(C, 0), X(C, 6*), etc., so 
that eqs. dH]) to (gSl) turn out to be 



^ = I sinh C cosh x , 
= I cosh C sin 9 cos p , 
= I cosh C sin 9 sin p , 
= I cosh C cos 9 , 
= I sinh C sinh x . 

For another example, on the region |^^| > |^°| of dS'^, the local coordinate system (x, Ci S, pi) can be such that 

= I cos C sinh x , 
= I sin Q sin 9 cos p , 
= I sin Q sin 9 sin p , 
^■^ = I sin Q cos 9 , 
= Z cos C cosh X . 



(50) 
(51) 
(52) 
(53) 
(54) 



(55) 
(56) 
(57) 
(58) 
(59) 



The above coordinate systems are adapted to the Cartan subalgebra () = spanj.{Xo4, Ari2}. In the similar way, 
we can find some coordinate systems adapted to ()' = spanp{Ari2, ^"34}. For example, one such coordinate system 
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(X: C, 9, if) is defined by 



^" = /sinhx, (60) 

^1 = ^coshxcosCcos^ , (61) 

^2 cosh X cos C sin 61, (62) 

^■^ cosh X sin C cos (/3 , (63) 

= ^ cosh X sin C sin (y9 . (64) 



In such a coordinate system, the 0-coordinate curves are integral curves of X12 , and the (y3-coordinate curves arc those 
of X34. Coordinate neighborhoods of [xXi^^^v) should be like these: for j = 0, 1, 2 and 3, respectively, JTjooj where 
Itt < C < '^-^TT, — TT < 9 < n and — tt < ip < tt; Ujoi, where ^tt < C < '^y^tt, — tt < 9 < it and < ip < 2n; Ujio, where 
§7r < C < ^T^, < 9 < 2tt and -n < ip < tt; Ujh, where §7r < C < ^t^, < < 27r and < ip < 2tt. The union 
U = Uj=o(^iOO U UjQi U Ujio U JTjii) is an open subset of dS^. It is not connected, with UjOQ U Ujoi U Ujio U t/jn (for 
each J = 0, 1, 2 and 3) a connected component. 



5.2 Verma Modules of Smooth Functions 

When Xab G -50(1,4) is mapped to the Killing vector field H-ab on dS^ by the isomorphism from so(l,4) to ^{dS^), 
(see, ^3.ip . by linearity /i^, ep and f/j for /3 G 'I'^ are mapped to corresponding complex vector fields h^, ep and on 
dS'^, respectively. For details, see eqs. to ([M]) and eqs. to P5|) . These complex vector fields can be expressed 
in terms of the coordinates x, C, S and <p. For /i^, ep and //j with respect to the Cartan subalgebra f)', the coordinate 
expressions of corresponding h^, and are, respectively, 

^-=*^-^^' ^^^^ 
= 2z ^ , (66) 



dip 



l+^tanC^+zcotC^), (67) 



,,0/ . > 9 , ,9 tanliY d \ 

e-''^ sinCT^+tanhxcosC7rr-«— -^^TT > 69 
^ ax c'C smC c/yj/ 



u„f ■ . d , ,9 tanhx 9 \ 

fa2 = e smC-^ +tanhxcosC^ + ^ . . ^ , 
V ox oQ smQ dip J 



(70) 



9 , . ^ d tanhx d \ . 

iQi+„2 = e I -cosC^ +tanhxsmCT^ +1 T T^) ^ ('!) 

V Ox oQ cosC 

ifl / J- 9 , . . d tanh x \ 

fai+Q2=e -cosCtt +tanhxsmCTr: "HS ' 1^2) 

V c^x C'C cosC o9J 

p-iO-iV , Q Q a s 

f«.+2«2 = — ^ - ^ t^-C ^ + ^ '^^t c ^ j . (74) 

In the sense of eq. (P^ . real smooth functions on dS"^ form an so(l, 4)-modulc C°°{dS'^), and complex smooth 
functions on dS'^ form an £-module (where £ so(l, 4) (g)RC), denoted by <^(dS"*). Obviously, '^(dS'^) = C°° (dS^) (g)Tsi 
C. 

We are interested in finite dimensional irreducible £-submodules of "^(dS"*), because the solution space of the Klein- 
Gordon equation is the direct sum of certain irreducible £-submodules (for complex solutions) or so(l, 4)-submodules 
(for real solutions). See, ij3.3l These irreducible £-submodules can be obtained using the standard method in the 
representation theory of Lie algebras [5] ■ 

In this subsection we shall show these £-submodules related to the Cartan subalgebra f)'. 

For the roots ai and a2 G f)'* as shown in eqs. p7[) and (p8|. let Ai and A2 G t)* be the fundamental dominant 
weights, defined by 

(A„a,) = A,(/i„J =<5,j, (^,J-l,2). (75) 
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Then it follows that (Ai, A2) is the dual basis of (/iqj, ha^)- By virtue of the Cartan matrix (PE)) . it is easy to obtain 

Xi = ai+ a2 , A2 = - Q!i + a2 • (76) 
Let ni and n2 be two integers. Then the weight fj, = niXi + n2\2 satisfies 

^i{ha,^) = n,, (? = 1,2). (77) 

A function 0^ e 'ta{dS^) of weight /i satisfies 

ha,(f>tJ. = Kf^ai) = ni(j)fj, , (i = l,2). (78) 
On account of the expressions (|65p and ((66| . we have 

'/'M = *M(x,C)e-'?^'^-("^+'?)^^ 

with $^ (x, C) an unknown function. 

Let A = iViAi + N2X2 be the highest weight. Then ea-^(f>\ = and 60.^+202 0a = result in, respectively, 

^^xix, C) + (^1 + ^) *a(x, C) tanC + ^ ^x{x, C) cot C - , 
^<i>A(x, C) + {Ni + ^) a>A(x, C) tanC - ^ $a(x, C) cot C = . 
These equations imply that N2 ~ 0, and that 

^$A(x,C)+^i<fA(x,C)tanC = 0. 

The general solution for this equation is 

$a(x,C)=^(x)(cosC)'^\ 
with X(x) an unknown function of x- Furthermore, ea^cj^x ~ results in 

X^(x)-A^A(x)tanhx = 0. 
It can be checked that no more relations can be obtained from ea-^+a24'x = 0- Hence 

Xx{x)=C{coshxf\ 

where C is an integral constant. 

From now on A^i will be denoted by N. Then the highest weight reads 

A = NXi . (79) 

Fixing the integral constant, we can select 

= ( cosh X cos C e'''^) ^ (80) 

as the function of the highest weight A. 

Recursively, we can verify that, for nonnegative integers j, k and I, 

ft^ iN-j-k-l+ f + k')\ {I - k')\ k'\ (k - A:')! J'! (j - 2j')\ 

{cosh''-'+^'\){smy~^^\){cos''-^-''-'+^^'+^''\){sin''+'-^^^ (81) 
where, for a positive integer fc, 

Lx Lyjo ■ ■ - o £x 

A: folds 
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stands for the action of the Lie derivative Lx for k times, and, i^c i^*^^' k ^ 0) stands for the identity. In the summation 
([5T|) . [|J is the floor of |, defined to be the largest integer less than or equal to ^. Obviously, 

^ = ■ (82) 

Here and after, we use the convention that rt! = oo for negative integer n. 

According to the reprentation theory of Lie algebras [5], the complex vector space V{X) spanned by the functions 
+ +2 '^^ £-module, with the maximal vector belonging to the highest weight A = A^Ai. In 

the representation theory of Lie algebras, such an £-module is called a Verma module. 

It is easy to check, by virtue of eq. (fTO)) . that 

Lf^J).=ia,(l».^0. (83) 

In fact, this can be obviously seen from the shape of the weight diagram (see, H^A^ . Then, it follows that the Verma 
module V{\) is spanned by the functions 0^'''^''' with nonnegative integers j, k and I. 

Because of (—1)! = oo and so on, we see from eq. (|5T|) that, in order 0^'''^''' to be nonvanishing, all the following 
conditions must be satisfied: 



^ fc' ^ fc , (84) 
Os^k' (85) 

O^j'^ J , (86) 
N-j-k-l+j' + k'^O. (87) 

Condition (|87p is equivalent to I ^ N — {j — j') — (fc — k'). Combined with conditions ([M)) and this yields 

< fc < iV . (88) 

Similarly, we can obtain 

0^1 i^N . (89) 
Conditions ([5^ and ((55|) can be merged into ^ fc' ^ min(fc, /). It follows that 

—k — I + k' ^ — max(fc, I) . 

So, condition (|57|) results in 

j-j'^N-k-l + k'^N - max(fc, /) . 
On the other hand, from condition (|86p we have j ~ [|J ^ j — j' . Hence 

j - f J =^ ^ ^ max(A:, /) . 

No matter j ;^ is odd or even, there is always | ^ j — [|J . Therefore, 

!^2N-2 max(fc, /) . (90) 

The inequalities ((89|) . ((88)) and (|90| are necessary and sufficient condition for f/)^"''^''' to be nonzero. These inequalities 



can be easily obtained with the aid of our knowledge of the weight diagram (see. 

A corollary of the inequality ([UU]) is very important: since j + k + l^j + 2 max(/c, I) ^ 2N, we have 

'^'^ = , (whenever j + k + I > 2N) . (91) 

This means that the Verma module V{X) is finite dimensional, coinciding with conclusions in the representation theory 
of Lie algebras. 

In appendix iBl we shall prove that, for each integer N ^ Q, the Verma module ^(A) is an irreducible £- module. 
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5.3 Smoothness of (j)'^^^'^ 

Strictly speaking, the function 4)"l^^^ in eq. (|5T|) is not defined globally on dS'^: its domain is just [/, the union of 
coordinate neighborhoods of (x, ^, 9, ip) defined by eqs. (pO)) to ([M)) . In fact, we can use eqs. to ([M)) to obtain the 
line element on U, ds^ = g^i, dx^ dx'^, where for ^ = 0, . . . , 3 are x, C, ^ and ^3, respectively. From eqs. (pOj) to 
(|64p we can also obtain the invariant volume 4-form 

a;|^ = ?4 cosh^xsinCcosCdxAdCAd6'Ady3, (92) 

indicating that 

= Z"* cosh'^ X I sin(^cosC| , (93) 

where g = dct{g^y). It follows eq. that, the functions Xi Ci ^ and (yS arc not coordinates where sinC = or 
cosC = 0. Referring to eqs. (|60|) to (|64)) . we see that cos^ = corresponds to = = 0, and that sin^ — 
corresponds to = = 0. These are two 2-surfaces in dS*^. Therefore the coordinate system (x, C7^'jV) does not 
cover them. 

Now that the region U in the above is dS*^ with the above two 2-surfaces removed, it has four connected components, 
each of which is homeomorphic to x T^, with = S*^ x S*^ the 2-torus. Considering the periodicity of 9 and 
Lp, none of the connected components is a genuine coordinate system, in fact: each connected component of U must 
be covered by at least four coordinate neighborhood, on which (x, Ci f) is defined. For details of these coordinate 
neighborhoods, we refer to the end of t j5.ll 

On summary, the functions defined in eq. (|8ip arc not globally defined, so far. In the following we shall show that 
each of them can be "glued" into a globally defined smooth function on dS*^. 

Our strategy is as this: because f/j for each positive root /? is a smooth vector field on dS*"*, we need only to prove 
(p\ is (or, can be "glued" into) a globally defined smooth function on dS**. 

We can define a function 

r (94) 

on 'E}''^ — {0}, where is the zero vector (the origin) of M^''*. Obviously, <t)\ is a smooth complex-valued function, and 
its restriction to U is just 4>\ in eq. ([50)^ 1. This indicates that is, in fact, a smooth function on d5^. 



So far we have proved that is a smooth function on dS'^. Hence so arc As a consequence, V{X)^ the 



vector space spanned by <t>'l''^^ with all integers j, k and Z > 0, is an £-submodule of C°°{dS^). 
For the sake of later use, we give the functions 

j^ofc^o {N -j-k-l + j' + k')\ {I - k')l k'\ {k - k'y. j'l {j - 2/)! 



(95) 



for integers j, k and 1^0. Each of such functions is a smooth function on R^'^ — {0}. The restriction of i/)^^'^''' to dS*^ 

(ikl) 

is just 03;^ in eq. (|81|) . Equivalently, 

= . (96) 

This clearly shows that (^l""^''' is a smooth function on dS*^. 



5.4 Weight Spaces and Weight Diagram of V{X) 

A dual vector /i e f)'* is a linear function on f)', mapping each ft, e f)' to a number fi{h) e C. Any /i e f)'* can be 
associated with a linear subspace V^(A)p of V^(A), consisting of all (j) e V{X) satisfying 

Lh(t) ^ h(j) ^ fi{h) (j) , V/iGf)'. (97) 

Ordinarily V^(A)^ consists of only € V'(A), the zero function on dS*^. But, for certain /x G f)'*, the corresponding 
y(A)^ can be nontrivial. In this case, every nonzero € ^(A)^ is a common eigenvector of both and h^^, hence 
all h (corresponding to h £ t)'). Such a dual vector /i G f)'* is called a weight of the £-module V^(A), and V{X)f^ is 

^ Equivalently, is the puUback j*(7!>A of <f>x, where i: dS'^ ^ M.^''^ is the inclusion. 
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called the weight space with the weight /i. The set n(A), consisting of all weights of V{X), is called the weight diagram 
ofViX). 



For example, the smooth function 



satisfies 



ijkl) 
A 



V/l € f}' . 



where 



with 



H — X - j {ai + a2) — k{ai +2 02) — I ai — ni Xi + n2 X2 



(98) 



(99) 



ni= N -j - 21, 712 = -2 {k - I) . (100) 
On accomit of the construction of V{X), the following observation is obvious: For a fixed pair of integers ni and 712 



so that ^ = niXi + n2X2 is a weight, V(X)^ is spanned by all nonzero cjy'l^'''^ , in which nonnegative integers j, k and / 
satisfy eqs. pUO)l . 

Using the representation theory of semisimple Lie algebras [5], the weight diagram n(A) can be obtained, starting 
from the highest weight A. In Figure[31 we show n(Ai) and n(2A2) as two examples. One should pay attention that 



\Ol2 o 
0X2 



o o 

o o 
o • 

o o 



o o 
o o 



I o o 

o o 

102 • O 



O A9 



a I 



o o 
o o 



(a) A = Ai 



(b) A = 2Ai 



Figure 3: Weight diagrams with the highest weight A = Ai and A = 2Ai. (Circles are not weights. Only the dots in 
black are weights.) 

circles in the figures are not weights. Then, the £-module V{X) can be decomposed into the direct sum of weight 
spaces: 

V{X)= ^A);.. (101) 

In fact, from the knowledge of weight diagrams [8], we can label the weights of V'(A), where A = iV Ai, one by one 
as follows: /i e n(A) if and only if 



fi = X-lai-j{ai+a2), (0 < K ^ , j s$ 2iV - 2Z) 



(102) 



or 



/X = A - fc(ai +2^2) -i(ai +a2) , (0 < fc < iV , j 2N - 2k) . 



(103) 



In order for (j)^^^^^ to be nonzero, both (f>^^^^^ and ip^^'^^^ must be nonzero. Consequently, the necessary condition for 



to be nonzero is 



05:/«;iV, Os;fcs;iV, o j < 2min(iV- fc,iv- /) . 



(104) 



These conditions can also be obtained by analyzing the non- vanishing condition for (/)^^'°''' in eq. (|5T|) 

Notice that Ai = ai + a2 and a2 are orthogonal, having the same length. So it is often convenient to write /i in 
eq. dM]) as 

Ai= ("1 + y) Ai + ^a2. (105) 



13 



Note that 712 is an even integer. (See, eqs. (llOOp .) Then the necessary and sufficient condition for /i to be a weight is 

That is, the integer rii and the even integer ri2 must satisfy the following inequalities: 

-Ni^ni^N, -iV ^ ni +712 ^ iV. (106) 
This can be directly seen from the figure of n(A). and can be derived from the label (|102p and (jl03p . 

5.5 Multiplicity of Weights 

One of the consequence of eq. pOip is 

dimy(A)= dimy(A)^. (107) 

AtGn(A) 

Traditionally dimT^(A)^ is called the multiplicity of /i with respect to the highest weight A, and denoted by m\{fi). 
In Appendix [Cl we shall prove that, for a weight /i = 77i Ai + 772 A2, 

M — In, -I- Bal I "2 I 

m,{n, Ai + 772 A2) = [ ^'y^ '^' J + 1 , (108) 
where [-J denotes the floor of a number. Equivalently, for a weight li Ai + ^2 012, we have 

m,{hX^+ha-2)^[ ^~^^]l~^^'^ \+l. (109) 

See, eq. ([T05|) . 

5.6 Linear Dependence 



j, k and I satisfying eq. or equivalently, eqs. (jlOOp . Then, arises a question: are all the nonzero functions '^'■-''^'^ 
linearly independent? 



Given a weight = Tti Ai + 772 A2, the weight space T^(A)^ is spanned by the functions (j)]^ with nonnegative integers 



The answer is negative. For example, when = 1, nonzero functions 0^"''^''' are listed as follows. 



/,(010) 

,(on) 

/,(100) 



cosh X cos C e"*" , (110) 

- cosh X sin Ce"''^, (111) 

cosh X sin C e"^ , (112) 

cosh X cos Ce'^ (113) 

-2sinhx, (114) 



2coshxcosCe"'. (115) 



Obviously, (t)^^^^^ ^^"^ ^a^*^"'' ^-re linearly dependent. 



5.7 Nonexistence of Infinite Dimensional £-Submodules in C°°{dS^) 

So far the Verma modules contained in C°°{dS'^) are all irreducible and finite dimensional. There is a question, then, 
whether there exist any infinite dimensional irreducible £-submodules of C°°{dS'^), where £ = so(l,4) (E)r C. The 
answer is negative. 

In ^35. 21 the Verma modules are constructed according to the representation thcory[8] of semisimple Lie algebras: 
We first start from a dominant weight A as the highest weight. Then, in the process of determining the maximal vector 
(px, the highest weight is also determined to be iVAi, with N a nonnegative integer. 

In ^5.21 the reason for iV to be a nonnegative integer comes from the representation theory of semisimple Lie 
algebras: an irreducible highest weight module is finite dimensional if and only if its highest weight is dominant and 
integral [8]. 

In fact, in ^5.21 we need not refer to the representation theory, just remaining N in eq. (|80p to be an unknown 
parameter. Now that the maximal vector has been determined in the form of eq. (j80p . the parameter N must 
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be an integer because of the periodicity of 0. See, eqs. (pT|) and (p^ . If N is negative, however, the function (f)\ in 
eq. (|94)) is not a smooth function on M}'^ — {0}. Since the pullback (or, naively, restriction) of (f)\ to U G dS^ is just 
(px, the latter cannot be extended to be a smooth function on dS^ provided < 0. Hence, without referring to the 
representation theory of semisimple Lie algebras, we can still determine that is a nonnegative integer. Hence, a 
Verma module V^(A^Ai) is always finite dimensional and irreducible. 

In one word, an irreducible £-submodule of C°°(dS"*) is always finite dimensional, being a Verma module ^(A^Ai) 
with N a nonnegative integer. 



6 Smooth Solutions and Masses of the Klein-Gordon Scalars on dS"^ 

6.1 Imaginary and Discrete Masses of the Klein-Gordon Equation on dS^ 

It is well known that 

- ^ V ^AB^CD (116) 

is a universal Casimir element of £ = so(l,4) (8)r C. When acting on the irreducible £-module V{\), where A = A^Ai, 
Xab is replaced by the Lie derivative ixASJ or directly, the vector field X^^. So is ha^, Cq^, fan and so on, in the 
following. Using the expressions ([5^ to P5)) . we can verify that 

- (eQi+Q2/ai+a2 + fai+a2eai+a2) " (eQi+2a2 /ai+2a2 + fa ). (117) 

First using the commutators in Appendix \X[ then using eqs. (|126p . we can reduce the above expression to 

C ^^Qi ^^Q2 ^ ^Q2 ^a2 3 ^Qi ^ Hq^.^ 

When C acts on there is simply 

= -haihan<t>\ - ha^ha2-4>\ " ^ 'ia2^Q2-</'A ~ 3 /Iqi " 2ha2-4>\ 

= -[A(/iqJ]^(?!)a - A(/ia2) A(/iqJ - ^ [A(/iq2)]^0a - 3 A(ft,Qj 0a - 2 A(/iq2) 0a • 
Note that A(/iaJ = N \i{ha,) = N and A(/ia2) = A^ Ai(/ic»2) = 0. Hence 

C.(bx = -AT' <^A - 3iV 0A = -AT (A^ + 3) 0A . 
Since V{X) is an irreducible £-module, according to Schur's lemma, every G T^(A) satisfies 

C.<^ = -Ar(A^ + 3)0. (119) 
Comparing it with eq. (fTO)) . we have the mass m of the Klein-Gordon field (j), as shown in the following: 

It is significant that the mass is not only discrete, but also an imaginary quantity. In the classical level, this doesn't 
matter, because m only makes sense in the quantum level. The detailed consequence and discussion of this fact in 
QFT will be presented in other papers. 



6.2 Irreducibility of the Solution Space of a Klein-Gordon Equation 

So far we have shown that the Klein-Gordon equation on dS"^ must be of the form 

(121) 

with certain a nonnegative integer A^. We have shown that each smooth function (p e ^(A^Ai) is a solution of the 
above equation. That is, the irreducible £-module F(A^Ai) is a linear subspace of the solution space ^KcidS^) of 
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eq. (|12ip . Since S^KcidS'^) is also an £-modulc, but not necessarily irreducible, it must be the direct sum of V{N'Xi) 
with N' ^ satisfying 

N'{N' + 3) = N{N + 3). 

It is easy to check that the only possibility is N' = N. Consequently, the solution space of eq. (jl2ip is V{NXi), the 
irreducible £-module having A^Ai as its highest weight. 

So, a general smooth solution of the Klein-Gordon equation on dS^, namely, eq. ()12ip . is 

AT N 2W-2max(fc,/) 

<A = EE E -.'^"^^A?, (122) 

/=0 fc=0 j=0 

where ajki are some complex constants. Although the functions (f'^'xi possibly linearly dependent, the conclusion 
remains true, only that the coefficients ajki for a given solution are not uniquely determined. 

7 Conclusions and Discussion 

There are papers, such as [Hj and [12], discussing the solutions of the Klein-Gordon equation on dS'^. The discussion 
in [14] does not evaluate the effects influenced by the global structures of the spacetime. Note that the elegant method 
in [in] can be applied to dS"*, too. But the solutions obtained in [TU] are massless scalars, and the smoothness of these 
solutions were not discussed. By imposing the condition of quadratically integrable on the whole dS^, it is shown in 
[T5] that the mass m of Klein-Gordon fields on dS'^ satisfies (in the natural units) 

2 ^ 9 /. 1 \2 

m = Xjn = 4 - (^^ + 2 " 'V 

with j, n = 0, 1, 2, . . . such that j + ^ - n > 0. If we set TV = j - n - 1, there wih be iV > -| and = -N{N + 3). 
In Theorem 2 in [TS] it is stated that could be positive (then equal to 2), and that the solution space for each Xjn 
is infinite dimensional. Although the mass spectrum is very similar to ours, but in some details, the conclusions are 
quite different. Since there is no detailed proof in [15] . this will be left as an open question. 

By using the Lie group and Lie algebra method, we have obtained all smooth solutions of a Klein-Gordon equation 
in the de Sitter background, forming a finite dimensional irreducible £-module, with £ = so(l, 4) (g)R C. An associated 
conclusion is that the mass of a Klein-Gordon equation on dS'^ cannot be arbitrary. It's square must be non-positive 
and discrete, as shown in eq. (jl20p . 

In this paper we construct the irreducible £- modules with respect to the Cartan subalgebra f)', spanned by X12 
and X34. Coordinate systems and weight spaces can be constructed with respect to the Cartan subalgebra f), spanned 
by X12 and Xqa- Detailed discussion will be presented in other papers. 

So far, it is not so factory that the functions (/>^^'|^ (with j, k and I satisfying the condition (jl04p ) might be not 
linearly independent. But the details of a solution is not our main topic in this paper. These are left for future papers. 
As a consequence, it is not quite suitable for now to discuss the quantization of Klein-Gordon fields in the de Sitter 
background. 

But problem due to the mass must be discussed here. When viewed as a relativistic quantum mechanical equation, 
the Klein-Gordon equation in the Minkowski background is obtained by applying the quantization rule 

to the relation rj^i^p'^p" = m?c^. Then, from the Klein-Gordon equation in the Minkowski background to that in a 
curved spacetime, we need only to replace the partial derivative to the covariant derivative. Unfortunately, in the case 
of de Sitter background, we have seen that the mass is no longer real (except when TV = 0). 

What if we exchange these two steps: first establishing the classical mechanics in the de Sitter background, then 
quantizing it? H.-Y. Guo et al have attempted the first step: trying their best to establish a classical mechanics 
resembling the relativistic mechanics. For a free particle in dS"^, there exists a conserved 5-angular momentum Cab: 
satisfying the equality 

- i ^^bCcd = ^-P'~^L' = Koc' , (123) 

where E, P and L are the splitting of the 5-angular momentum with respect to a Beltrami coordinate system, and 
mAo is the proper mass of the particle [TBI HZl [HI [H] • When I ^ 00, {E/c, P) tends to the 4-momentum in Einstein's 
special relativity, while L/l 0. Under a reasonable quantization rule 

CAB^ihXAB, (124) 
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the above equation will yield a "quantum" equation 

namely, the Klein-Gordon equation ©. Unfortunately still, in the classical level, i.e., in eq. (|123p . the mass rriAo is 
nonnegative, while in the resulted "quantum" equation, ^ 0. 

This really sounds bad, because the process of quantization and the process of generalizing to curved spacetime 
seems not so compatible. For long there are some physicists believing that general relativity and quantum theory are 
not compatible. Even if they were wrong eventually, this problem is at least very serious and hard currently: before 
we settled down to investigation of QFT in the de Sitter background, wc must suitably solve the problem of ^ 0. 

Another belief is, when the cosmological radius Z — > oo in dS"^, physical laws and phenomena tend to those in the 
Minkowski spacetime. The Klein-Gordon equation is again an exception: On the one hand, the problem of ^ 
is still the obstacle. On the other hand, the dimension of the solution space is also an obstacle, with the one for the 
Minkowski space being infinite dimensional, while the one for dS^ being finite dimensional. 

At last, we point out that the method in this paper can be applied to various field equations in de Sitter spacetime 
or anti-de Sitter spacetime. These will be presented in other papers. For other spacetimes with sufficient symmetries, 
this method might be effective, too. 
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A The Commutators of 5o(l, 4) 0^ C 

The formulae in this section arc satisfied, no matter the Cartan subalgebra is f) in tj4.3l or f)' in tj4.4l 
First of all, for each a and /3 S there are the standard commutators 

[ha,ei3] = I3{ha)ep , [ha, fp] ^ -f3{ha) fp , [e(3,fp]=hi3. (125) 

Note that 

Thus, P{ha) for all a and /3 € can be obtained by virtue of the linear property of /3 and the Cartan integers 

a,(/ia,) = (127) 

for i, j = 1 and 2. 

Next, the following commutators are satisfied by the Chevalley bases in both N4.3l and ^14. 41 

[^Qi , 60-2] *^ai+a2 ; \^cti : ^(^1+0^2] — ^ 5 {^ai : ^ai+2Q2] — ^ ' (-^28) 

[eQ-2;^ai+02] — 2eQ,^_|_2Q2; [^a2i^ai+2Q2] ^' [^Qi+025^CKl+2a2] 0; (-^29) 

[/qi7/q!2] ~ fai+a2 7 [f an f 01+02] 0; [f an f 01+202] O7 (130) 

[1027/01+02] foi+2o2 ■: \fo2T foi+202] ~0i \,foi+02T foi+202] "0? (131) 

[^Ql ! fo2\ — 1 \^Oi , /Q1+Q2] ~ fo2 1 \^Oi , /Q1+2Q2] — ^ ' (132) 

[^Q2 ' foi ] — , [^a2 1 /ai+Q2] ~ '^foi , [f^a2 1 /Q1+2Q2] — /ai+a2 i (133) 

[^ai+a2;/ai] — Gq2 ? [GQi+Q27/a2] — 2 , [Cq^ +02 1 /ai +2q2 ] — fo2 5 (134) 

[Goi+2o2 7 foi] =0, [Soi+2o2 J fo2] ~ S01+02 7 [Goi+2o2 7 foi+02] — 6q2 ■ (135) 
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B Irreducibility of the Verma Module V{X) 

According to the representation theory of Lie algebras, the function in eq. ([5T|) belongs to the weight 

/I = A - j (ai + 012) — k{ai + 2ai) — ^ ai = Ai — (j + A: + /) ai — (j + 2k) a-i 
= rii Ai + n-i A2 , (136) 

where 

ni=7V-j-2Z, n-2. = ~2(k-l) . (137) 

That is, it satisfies the conditions 

h^. 4f'^ = 'i>T^ = /.(/^a J 0f = ni 0f , (138) 
h^,4f'^ = L^6f'^ = M(/iaJ 0f = n2 0f , (139) 



which can be obviously seen from eqs. (|8T|) . ([65)) and (|66|) . 

In order that 0^^'^''' 7^ in V^(A) (meaning that this function is nonzero somewhere on dS"'), there must be 
j + k + I ^ N, namely, 

m + Y^sO. (140) 

If V{X) is reducible, there exists at least one nontrivial Verma submodule V{X') in V{X), where A' = A'Ai with 
N' < N . Equivalently, there are some constants ajki G C, which are not all zero, satisfying 

EEE«.^'#' = (coshxcosCe-*^)^', 

j>0 k^O 1^0 

with ^ N' < N. By virtue of the expression (|5T|). we have the first observation that aju = whenever k ^ I. 
Now that ajii is abbreviated as Oj^/, we have the second observation that aj^i = whenever j ^ N — N' — 21. In the 
following aN-N'-2i,i is abbreviated as a/. Then the above condition turns out to be 



£ a;^f-^'-2'-'-') ^ (coshxcosCe-^'^)^', 



i=0 



namely, 



!=0 j'=0 fe'=0 

TV! n n {N-N'^2l)\ 



{N' + f + k'y. (i ~ k')i k'l {I - k'y. j'\ {N ~ N' ~2i~ 2j'y. 

(cOsh"'+2'+2/ ;t)(sinh^-^'-2'-2/ ^)^C0S^' _ ^^^2 ^y-k' 

= (coshxcosCe-''')^' . 

Observation of the exponent of sinhx indicates that N — N' must be an even integer. Set N — N' ^ 2n. Then the 
above condition becomes 

n n — / / 

^ ^ ^ (_l)'+fe'4«-'-/ ai b{N, n, j', k' , I) (cosh^ x)'+^' (cosh^ x - 1)"-'"^" (cos^ C)^'+'^''(l - cos^ C)'"'^'' = 1 , 

1=0 j'=0 k'=0 

or, equivalently, 

n n—j^ n—j' 

E E(-l)'''''4""'"''«^K^.'^'/'fc^0(cosh^x)'+^■'(cosh2x-l)"-'-^'(cos2C/+'^ (141) 

j'=0 k'=0 l=k' 

where 

, , ^ ^! ^! ^! i2n-2iy. 

^ ' (7V-2n + j' + fc')! (/-fc')!'t'!(^-fc')!j'!(2?^-2Z-2j')! ■ 

We can see from eq. (|14ip that, for the existence of a/'s that are not all zero, there must be n = 0, namely, N' = N. 
However, when N' = TV, the Verma submodule V'(A') = ^(A) is no longer trivial. This proves the irreducibility of the 
Verma module V{X). 
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C Proof of Eq. ( IT08| ) 



In this appendix wc prove the formula (jlOSp . 

Each root a can be associated with a hnear transformation ctq, on t)'*, cahed a Weyl reflection, sending G f)'* to 
cra(/i) G f)'*, where 

ga (a^) :^ ~ a ^ - a) Q ■ (142) 

(a, a) 

A weight = ni Ai + n2 A2 with rii ^ and n2 ^ is called dominant. Then any weight G n(A) can be obtained 
from a dominant weight via a series of Weyl reflections [8] : there exist a dominant weight /i' and some roots /3i , . . . , 
/?„ so that /X = CT^^ • • • CT;3j (/x'). Another important fact [8] is that, for any /z G [}'* and any root a, 

mxiaain)) = mx{^i) . (143) 

It is easy to verify that eq. (|108p does satisfy the above condition. The consequence of the above facts is, in order to 
prove the formula (jlOSp for arbitrary weight, it is sufficient to prove it for each dominant weights. 
Note that, when ni Ai + n2 A2 is a dominant weight, eq. pOSp turns out to be 

mx{niX + n2\2)= ^ ^ +1. (144) 



We are going to use the Freudenthal formula [8] 

00 

[{X + 6,\ + 6) - + 6,^1 + 6)]mx{tj) ^2 ^ ^{^i + ia,a)mx{^l + ia) (145) 

C(gcl)+ 4=1 

to prove eq. (|144p recursively, where 

5= \ Yl - 2 (ai + a2) - ^ "1 . (146) 

;3e<I' + 

Note that a weight = ni Ai + 712 A2 can be expressed as /.i = A — L (ai + — I ai, where 

, ?l2 

L := A* - ni - 7i2 , "2" ' 

Then, the recursion is based on L and I. 

The necessary and sufficient condition for /i = A — L{ai + Q!2) — / ai to be dominant is; L and I are integers 
satisfying 



2J 



Furthermore, by virtue of 



A-/i = i(ai + a2) + Zai, (147) 
Ai + (5= (Af-L + 2)(ai + a2)- + (148) 



and the data of inner product in eq. (j29p , we have 

{\ + 5,\ + 5)-{p + 5,pi + 5) = {X- ^l) + 2{\- ^i,pL + 5) 

= ^{2N - L + 2,) + \-{N - L-l + l). (149) 
6 3 

The Verma module V{\) is generated out of the highest weight A. Hence m\{)\) = 1. If A^ = 0, the only weight is 
A = itself; If A^ = 1, the only dominant is A = Ai itself. In these cases eq. (jl44p is obviously correct. In the following 
proof we assume that N '^2. 

We first recursively prove that a dominant weight /i = A — Z ai has mx{fi) = 1. In fact, when / — 0, one has fi — 
for which mx{p) = 1 is obviously correct. As a recursion assumption, we assume that I > and that mx{X — i ai) = 1 
for all i satisfying ^ z ^ Z — 1. The Freudenthal formula for /i = A — Z ai, then, turns out to be 

I °° 

- {N ~ I + 1) mxi^J.) ^ 2 ^ ^{^1 + i a, a) mxin + i a) . 
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For a positive root a and a positive integer i, /.i + i a = X — I ai + i a is a, weight (hence m\{^ -\- ia) ^ Q) if and only 
if a = q;i, together with 1 ^ i ^ L Thus the above equation resuhs in 

I 



-{N - 1 + l)mx{n) = 2^(^ + iai,ai)mx{iJL + iai) 



1=1 
I 



~ 2 ^^(A — — i) ai, ai) m\{\ — {I — i)a\) 

i=l 

i-i 

~ 2 ^^(A — i ai, ai) m\{X — iai) 

1=0 

/-I 

= 2 ^^(A — 2 ai, ai) . 



In the last step we have used the recursion assumption m\{X — i ai) = 1 for ^ i ^ / — 1. The right hand side of the 
above is 



i-i 



1=0 

Hence we have m\{ij,) = m\{X — lai) = 1. This recursively proves that eq. (|144p is correct when ni + 712 = N. 

Next, for an arbitrary weight fi ~ ni Ai + ^2 A2, we can observe eq. (jlOSp and prove that iV — jyii + ^| — |^| is 
an invariant under the action of the Weyl group (which is generated by the Weyl reflections). The meaning of this 
statement is, if w(/i) = n'l Ai + ^2 A2 where w is the composition of some Weyl reflections, there will always be the 
equality 

, n'o ni, 71-2 ri2 

N~ n\ + ^ - = N- n, + ^ - . (150) 



So far, by virtue of the Weyl reflections, we have proved that eq. (|108p is valid whenever iV — |ni + ^| — |n2| = 0. 

For convenience, if /.i = rii A1+712 X2 = h X1+I2 02 is a weight, we call the invariant iV— |ni + ^| — 1^| =-/V— — 1^2| 
the level of /i. 

At last, we make the recursion assumption. Let L be an integer satisfying {) < L ^ N . We assume that eq. (jlOSp 
is valid whenever N — \ni + ^ | — | ^ | < L. Then we want to prove that eq. (jl44l) is true for dominant weights of level 
L. As a conseqence, eq. (|144p is valid for all dominant weights, hence eq. (jl08D is valid for all weights. 

Since such a dominant weight could be expressed as A — L (ai + 02) — 'o^i, this proof is recursive by I, made up 
by three steps. 

Step 1. To prove that eq. (|144p is valid for the dominant weight /i = A — L{ai + a2). For this weight, the 
Freudenthal formula becomes 

00 00 
— {2N - L + 3) mA(yu) = 2 ^(yu + i ai, ai) m\{fi + i ai) + 2 ^(a* + i ^2, "2) 'mx{fi + i 02) 

1=1 i=l 

00 

+ 2^(^ + i{ai+ 02), ai + "2) m\{^ + i {ai + 02)) 

2=1 

00 

+ 2^{fi + i{ai + 2a2),ai + 2a2) mx{fi + i [ai + 2a2)) . (151) 

i=l 

The summands involve the following weights: 



+ iai ~ {N — L + i) Xi — i a2 : 
H + ia2 ~ {N - L) Xi + ia2 , 
fi + i{ai + 012) = {N - L + i) Xi , 
+ i{ai + 2a2) = {N - L + i) Xi + i a2 ■ 



{l^t^lL/2\): 

(Is^is^i); 
{l^^^[L/2\). 



In fact, when L = 1, there exists no weights like fi + iai or /i + i [ai + 202), with i a positive integer. So this must 
be specially treated. In this ease /i = (TV — 1) Ai, reducing eq. (|15ip to 

\(N+\) mxiij) =2{{N- 1) Ai + ^2, ^2) mxHN - 1) Ai + ^2) + 2 {N Ai, Ai) mx{N X^) = . 
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Therefore, for fi = {N — 1) Ai, we have m\{{N — 1) Ai) = 1, satisfying eq. (|144p . 

In the generic case, 1 < L ^ iV. On account of the recursion assumption, eq. (jl5ip is reduced to 



r Li/2J , 

|(2iV-L + 3)m.(^) = 2^ iV-L + 2z 

i—1 
LL/2J 



2E 



iV - L + 2i 



E 

1=1 

L-l 

E 



N - L + 2i 



L-i 



N + L-2i 



(152) 



If L is an even number, the above identity turns out to be 

L/2 

(2N - L + ^)ni^(u) = 2 

6 



-{2N-L + 3) 77iA(/i) = 2 ^ + 



L-l 



1 +i: 



N + L-2i 



i=0 



The second term on the right hand side is 

N + L-Ar 



N + L-4:i 



E 

i=0 
L/2-1 

^ E 

1=0 

^^^27V + 2L-8i-2 , 

^ E 5 



L/2-1 



E 

i=0 



TV + i - 2 (2t + 1) 



2i + l 



L/2-1 



,. A^ + L-2(2?: + l) ,, , 

(z + i)+ }2 ^ — + 



L/2 



l) = 2^^ + ^-^- + ^. 



i=0 i=l 

Thus, for a dominant weight = (N — L) Ai with L an even integer satisfying < L ^ N , 



L 



L/2 



-(27V-L + 3)mA(/i) -2^ 



N -L + 2i /L 



f- + l)+2E 



L/2 



iV + L - 4i + 3 



L 



= g(2iV-L + 3)(- + l 
It foUows that, when L is an even integer satisfying < L ^ N, 



mxifi) = mx{{N - L) Xi) = ^ + 1 



L 






+ 1 = 


.2. 





N -\N -L\ 



satisfies eq. (|108p and eq. (|144p . If L is an odd number (hence L ^ 3), in a similar way, we can reduce eq. (|152p to 

^{2N-L + 3)mx{f,) = ^^^^^{2N-L + S). 
Therefore, for a dominant weight ji = {N — L) Ai with 3 ^ L ^ an odd integer, 



L + 1 



L 






+ 1 = 


.2. 





N -IN - L\ 



1. 



satisfying eq. (|144p and eq. (jlOSp . 

So far, we have proved that, the dominant weight /i = A — L (ai + Q!2) — {N — i) Ai, with L an integer satisfying 
< L ^ N, satisfies eq. (jl44p and eq. pOSp . If L ^ N — 1, there will be no other dominant weight ni Ai + n2 A2 
satisfying N — rii — 112 — L, so ends the proof. In the following, we assume that < L < iV — 1. provided N ^ 3. 

Step 2. Let I be an integer satisfying < ^ ^ [{N — L)/2\. We assume that eq. (|144p is also valid for dominant 
weights X — L Xi — iai with ^ i < I. We want to prove that eq. (|144p is also valid for /x = A — L Ai — / ai. 
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In fact, the Freudcnthal formula for fi reads 
'L ^ I 



(- (2iV - L + 3) + - (TV - L - Z + 1)) mxifi) 

l+[L/2] L 

= 2 ^ (/i + I ai, ai) TOA(/i + i ai) + 2 + i a2, 02) toa(/^ + » 0^2) 

i=l i=l 
L 

+ 2^(^ + i (ai + a2),ai + 02) mx{^ + i (qi + a2)) 

i=l 
LL/2J 

+ 2 ^ (/^ + i (ai + 2a2), ai + 2a2) rn\{^ + i {ai + 2a2)) . 



8=1 

Using the recursion assumption, we can obtain 

(I (27V - L + 3) + ^ (iV - i 
I /I L 



i([iJ + i),»-i-, + i) 







) ™A(At) 






L 




L 


\/N-L 2 
+ ^)( 3 +9 


L 


4\ 


.2. 


(1 


2. 


.2. 


+ 9) 



iN + l)L 
3 



L-l 

E 

i=0 



N + L-2i 



When L is an even integer, 



L-l 

E 

i=0 



N + L-2i 



+ i - 4j 



iV + L-2(2j + l) 



2j + l 



L{L~2) SN -L + 1 
4 9 



In this case eq. (|153p results in 



(I (27V - L + 3) + ^ (iV - L - ; + 1)) mA(M) = (I + 1) [| (2Af - L + 3) + ^ (TV - L - ; + 1 



namely. 



■mx{X- LXi - lai) ^ mx{{N - L - I) Xi+la2) = - + 1 = + 1 
Therefore, when L is even, eq. (|108p is satisfied. When L is odd, 



N -IN - L -l\- 



+ 1 



L-l 

E 

i=0 



N + L-2i 



L-1L+13N-L-3 L-l N -L 



In this case eq. (|153|) results in 



(- (2iV - L + 3) + - (iV - L - / + 1)) mxifi) = (- (2iV - L + 3) + - (iV - L - Z + 1)) 



L + 1 



namely, 



mxiX- LXi +lai) ^ mxHN - L - I) Xi +la2) 



L + 1 







LfJ 


+ 1 = 







N -\N -L-l\-l 



(153) 



Therefore, when L is odd, eq. (|108p is also satisfied. 

Step 3. As a summary, we have proved recursively that eq. (|108p is satisfied for weights of level zero. Under 
the recursion assumption that weights of level less than L satisfy eq. (|108p . we proved that the weight X — L Xi also 
satisfies eq. (jlOSp . Then, under the further recursion assumption that weights like X — L Xi — i ai with all i < Z satisfy 
eq. (jlOSp . we have proved that dominant A — L Ai — / ai also satisfy eq. (jlOSp . Then, it follows that all weights of level 
L satisfy eq. (|108p . followed by the final conclusion that all weights satisfy eq. (|108p . 
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